
FEB 9 1968. 
- & g  -/dL3+?79wJ&- 

- 

N A T I O N A L  AERONAUTICS AND SPACE A D M I N I S T R A T I O N  

MSC INTERNAL NOTE NO. 68-FM-24 

w acT301969 January 30,1968 

MINIMUM VELOCITY INCREMENT 

TURN WITH CONSTRAINTS ON THE 
PERIAPSIS RADIUS 

SINGLE-IMPULSE PROPULSIVE-GRAVITY 

By Benjamin0 J. Garland, 

Advanced Mission Design Branch 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 

. . . . .  . . . .  

L MISSION PLANNING A N D  ANALYSIS DIVISION 
M A N N E D  SPACECRAFT CENTER 

HOUSTON, T E X A S  

( N A S A - T f i - X - 7 0 0 1 5 )  H I N X M U M  V E L O C I T Y  
:*:.:-:.: I N C R E M E N T  SINGLE I P I P U L S E  PROPULSIVE 
. . . . .  1 :  : :  GRAVITY TURN U I T H  C O N S T H A I N T S  O N  THE . . . . .  
. . . . .  : :  : :  P E R I A P S I S  R A D I U S  ( N A S A )  36 p . . . . .  . . . .  

174-72485 

Unc las  
00/99 16842 



MSC INTERNAL NOTE NO. 68-FM-24 

MINIMUM VELOCITY INCREMENT SING LE-I MPULSE 
PROPULSIVE-GRAVITY TURN WITH 

CONSTRAINTS ON THE PERlAPSlS RADIUS 

By Benjamine J. Garland 
Advanced Mission Design Branch 

January 3 0, 1968 

MISSION PLANNING AND ANALYSIS DIVISION 

NATlO NAL AERO NAUTICS AND S PAC E ADM IN IS TRATIO N 
MANNEDSPACECRAFTCENTER 

HO US TON, TEXAS 

Approved : 
J & K  Funk, Chief 
e e d  Mission Design Branch 

Approved: 

Missionblanning and Analysis Division 



CONTENTS 

Section Page 

S U M M A R Y . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 

INTRODUCTION . . . . . . . . . . . . . . . . . . . . . . . . .  1 

S Y M B O L S . . . . . . . . . . . . . . . . . . . . . . . . . . . .  2 

. . . . . . . . . . . . . . . . . . . . . . . . .  3 Subscripts. 

ANALYSIS. . . . . . . . . . . . . . . . . . . . . . . . . . . .  3 

. . . . . . . . . . . . . . . . . . . . . . .  3 Basic Equations 

Conditions for Gravity Turn . . . . . . . . . . . . . . . . .  5 

Velocity Increment Required for Transfer at Common . . . . . . . . . . . . . . . . . . . . . . . . .  5 Periapsis 

Location of Transfer for Minimum Impulsive-Velocity 
6 Increment . . . . . . . . . . . . . . . . . . . . . . . . .  
11 RESULTS AND DISCUSSION. . . . . . . . . . . . . . . . . . . . .  
1 2  

23 

27 

CONCLUDING REMARKS. . . . . . . . . . . . . . . . . . . . . . . .  
APPENDIX A - DETERMINATION OF COMMON PERIAPSIS. 
APPENDIX B - DUAL-IMPULSE PROPULSIVE-GRAVITY TURN 

. . . . . . . .  
. . . . . . .  

. . . . . . . . . . . . . . . . . . . . . . . . . .  32 REFERENCES. 

iii 



' ( 4  

I 

FIGURES 

Figure 

1 

2 

3 

4 

5 

6 

7 

B1 

Model used t o  describe single-impulse propulsive- 
gravity t u r n  . . . . . . . . . . . . . . . . . . . . 

Definit ion of angles used t o  descr ibe s ingle-  
impulse powered t u r n  . . . . . . . . . . . . . . . . 

Velocity increment required f o r  propulsive- 
gravi ty  t u r n  as a funct ion of Uo ( A  = 20°, 
u1 = 1.8) .  . . . . . . . . . . . . . . . . . . . . . 
gravity t u r n  as a funct ion of Uo ( A  = 20°, 

Non-dimensional per iaps is  a l t i t u d e  of propulsive- 

u l = 1 . 8 ) .  . . , . . . . . . . . . . . . . . . . . . 
Effec t  of specifying t h e  per iaps is  radius .  . . . . . . 
Velocity increment required f o r  propulsive-gravity 

t u r n  as a fuc t ion  of Uo ( A  = 60°, U1 = 1.8) .  . . . . 
Location of  ve loc i ty  impulse as a funct ion of U . . . 
Model used t o  descr ibe dual-impulse powered t u r n  . . . 

0 

Page 

13 

14 

15 

16 

17 

18 

19 

31 

i v  



MINIMUM VELOCITY INCREMENT SINGLE-IMPULSE PROPULSIVE-GRAVITY 

TURN WITH CONSTRAINTS ON THE PERIAPSIS RADIUS 

By Benjamine J. Garland 

SUMMARY 

A technique has been developed f o r  determining t h e  single-impulse, 
propulsive-gravity t u r n  which requires the  minimum veloc i ty  increment. 
This technique allows minimum and maximum per iaps is  rad ius  t o  be spec i f ied .  
This technique i s  compared t o  a dual-impulse, propulsive-gravity t u r n  
which requires  t h e  ve loc i ty  t o  be changed as t h e  spacecraf t  en te rs  and 
leaves t h e  sphere of influence of t h e  p lane t .  

L 

INTRODUCTION 

The t r a j e c t o r y  of a spacecraft  w i l l  be modified s i g n i f i c a n t l y  by t h e  
c lose  approach t o  any planet .  
g rav i t a t iona l  a t t r a c t i o n  of the planet  may be used t o  reduce t h e  propul- 
s ion  required t o  change the  t r a j ec to ry  of t he  spacecraf t .  Normally, t he  
t r a j e c t o r y  of a manned spacecraft  w i l l  be changed so t h a t  it w i l l  continue 
t o  another p lane t ,  which i s  not necessar i ly  Earth. The t r a j e c t o r y  of an 
unmanned spacecraf t  may be changed t o  achieve other conditions such as a 
close approach t o  the  Sun. 

During a close approach t o  a p lane t ,  t h e  

It i s  e n t i r e l y  possible  t h a t  t h e  g rav i t a t iona l  a t t r a c t i o n  of t h e  
p lane t  may be su f f i c i en t  t o  achieve t h e  desired change. 
t r a j e c t o r i e s  which can be achieved by t h e  e f f e c t  of t h e  p l ane t ' s  a t t r a c -  
t i o n  alone are presented i n  reference 1. 
sidered as spec ia l  cases of non-stop roundtr ip  in te rp lane tary  t r a j e c t o r i e s .  

Examples of 

These t r a j e c t o r i e s  must be con- 

The g rav i t a t iona l  a t t r ac t ion  of t h e  planet  can be supplemented by 
This type of maneuver i s  ca l l ed  a propulsion f o r  more general casses. 

propulsive-gravity turn .  
ve loc i ty  impulses which r e s u l t  i n  t h e  lowest propulsion requirement i s  a 
d i f f i c u l t  problem. 
been described i n  reference 2 and approximated i n  reference 3. A maneuver 
involving ve loc i ty  changes as the spacecraf t  en te rs  and leaves t h e  sphere 
of influence of t he  planet  was described i n  reference 4. 
ca lcu la t ing  t h e  optimum number and loca t ion  of impulses f o r  t h i s  type of 
maneuver has been presented i n  reference 5. 

The se lec t ion  of t h e  number and loca t ion  of 

The optimum loca t ion  f o r  a single-impulse t u r n  has 

A method of 
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Unfortunately, ne i ther  t h e  method of reference 2 nor t h e  method of 
reference 5 coisidered cons t ra in ts  on t h e  pe r i aps i s  radius .  
w a s  noted i n  reference 2 t h a t  t r a n s f e r s  which resulted i n  t h e  minimum 
veloci ty  change usually take place below t h e  surface of t he  p lane t .  This 
paper presents  a method t o  determine t h e  loca t ion  of a single-impulse 
tu rn  which causes t h e  impulsive-velocity change t o  be a minimum and keeps 
the  pe r i aps i s  radius within spec i f ied  values.  

I n  f a c t ,  it 

A 

f 

H 

U - 

SYMBOLS 

turning angle; angle through which t h e  spacecraf t ’ s  path 
must be def lected while i n  the  sphere of influence.  

var iables  defined i n  equations (22a) , (22b) , and ( 2 2 ~ )  

eccen t r i c i ty  

f’unction defined i n  equation (A51 

auxiliary angle of hyperbola 

ve loc i ty  vector with respect  t o  c i r c u l a r  o r b i t a l  ve loc i ty  
a t  surface of planet  

magnitude of 1 
impulsive ve loc i ty  increment 

f’unction defined by equation (20)  

semimajor axis  with respect  t o  radius  of planet  

d i r ec t ion  of veloci ty  increment 

angle between velocitsy vector  and l o c a l  hor izonta l  

t r u e  anomaly 

radius  with respect t o  the  radius  of t h e  planet  

half-angle of hyperbola 

t i m e  from per iaps is  passage with respect  t o  t h e  period 
of  a c i r c u l a r  o r b i t  at sur face  of planet  

funct ion defined i n  equations (17a) and (1n) 
path angle defined i n  f igure  B-1 
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Subscripts 

C 

I 

ltl8.X 

min 

0 

P 

S 

T 

U 

common 

inbound 

maximum 

minimum 

outbound 

per iaps i s 

sphere of influence 

t r a n s f e r  

unknown 

ANALYSIS 

The motion of t h e  spacecraft within t h e  sphere of influence of t h e  
target p lane t  i s  described by two in t e r sec t ing  coplanar hyperbolas as 
shown i n  f igu re  1. The t r a j ec to ry  of t h e  spacecraft  i s  changed from one 
hyperbola t o  t h e  other by an impulsive-velocity change a t  t h e  i n t e r s e c t i o n  
of t h e  hyperbolas. The purpose of t h e  ana lys i s  i s  t o  determine t h e  t r a j e c -  
t o r y  which requi res  t h e  lowest impulsive-velocity increment. 
t o r y  i s  constrained by a number of considerations which a r e  (1) t h e  
ve loc i ty  vectors as t h e  spacecraft en te rs  and leaves t h e  sphere of in- 
f luence of t h e  t a r g e t  planet (EI and %) must be matched, ( 2 )  t he  point 

of c loses t  approach t o  t h e  target planet must l i e  between some minimum 
and maximum value ( iP ,min and I 

per i aps i s  passage and t h e  t r ans fe r  must be grea te r  than some spec i f ied  
minimum time ( T 1. 

The t r a j e c -  

) , and (3) t h e  time between the P ,max 

min 

Basic Equations 

The bas ic  equations used i n  t h i s  development are standard except that  
they have been non-dimensionalized. 
i n  sources such as reference 6. 

The dimensional equations can be found 
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The turn ing  angle A i s  determined by t h e  ve loc i ty  vec tors  E1 
and U+,. This angle i s  given by t h e  equation 

The semimajor ax i s  of t h e  hyperbola (a) can be obtained from t h e  
non-dimensional vis-viva equation which is  

I f  t h e  conditions a t  t he  sphere of influence a r e  used, then 

The eccentric 

.=(: - u ; )  -1 

ty  of t h e  hyperbola (e)  i s  

h 
a ’  e = l -  

and t h e  half-angle of t h e  hyperbola ( v )  i s  

v = cos-1 ($) 
o r  

The time required t o  t r a v e l  from t h e  pe r i aps i s  i s  

. = ~ [ , t a n H - I n t a n t  2a e.HT) 2 , 

(3) 

(4) 
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where H i s  t h e  aux i l i a ry  angle of t h e  hyperbola defined by 

and t h e  t r u e  anomaly i s  

rl = cos- l i ;  [ 
a(1 - e 2 )  - 3 1 * 

The pa th  angle a t  any point on t h e  hyperbola i s  

( 9 )  

Conditions f o r  Gravity Turn 

The t u r n  can be accomplished by t h e  g rav i t a t iona l  a t t r a c t i o n  of t h e  
p lane t  alone i f  U = Uo and ipYmin - < I  - < I  p,max. I 

The half-angle of t h e  hyperbola, which i s  tangent t o  both lJI and 

U+,¶ i s  

I T - A  v = -  
2 '  

The value of I can be found by subs t i t u t ing  equation (11) i n t o  
P 

equation (6)  and rearranging the r e s u l t i n g  equation t o  obta in  

I P =(. -J-)(t- u:)-' (12) 

Velocity Increment Required f o r  Transfer a t  Common Pe r i aps i s  

For any values of U19 Uo, and A, t h e r e  is  one combination of inbound 

and outbound hyperbolas which have t h e  same pe r i aps i s .  
a unique common per iaps is  i s  proven i n  appendix A .  
increment required f o r  t h e  t r ans fe r  a t  t h e  common pe r i aps i s  po in t  i s  
usua l ly  less than 3 percent grea te r  than t h e  minimum ( r e f .  2 and 3 ) .  

The existence of 
The impulsive-velocity 
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If ~nown quantities 
nT 

The transfer can take place at the common periapsis only if 
t < I  < I  and T~~~ = 0. p,min - pyc - p,max 

The method for determining the common periapsis is discussed in 
appendix A. 
velocity increment required for the propulsive-gravity turn is 

If the transfer can be made at the common periapsis, the 

(13) 
P YC P YC 

Unknown quantities 

Location of Transfer f o r  Minimum Impulsive-Velocity Increment 

0 
V I V 

1 

- 
‘ 0  - ‘T SO 

I V vO 
A 

If the transfer cannot be made at the common periapsis, it is neces- 
sary to find a location which will minimize the velocity change required. 
The location of the transfer will be specified by the periapsis radius 
of one hyperbola and the true anomaly measured along this hyperbola. The 
general model used to describe the single-impulse, propulsive-gravity 
turn is shown in figure 1. Figure 2 defines some of the angles which are 
used to describe the maneuver. 

It can be seen that if 

or  

I 

A = T I - v  - v 0 + n 1  I 

only -JO of the variables on the right side 

- no 

f eqi ation (14) are known 
at any time. 
of the transfer ( n T )  in the following manner. 

The known quantities depend on the sign of the true anomaly 
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. 

Equation (14) can be wr i t ten  i n t o  two forms depending upon the  s ign 
For rlT > 0 ,  t h e  form is 

Of ‘T. 
- ‘0 + ‘Io - 51 - A + f lT - vI , 

and f o r  qT < 0 ,  it i s  

I f  t h e  cosine of each side of these  equations i s  taken and standard 
t r igometr ic  r e l a t ions  are used, t h e  r e su l t i ng  equations are 

\ 

0 ( 1 6 d  - A + nT - vI ) - COS u COS rl 
0 

For convenience i f  q > 0 ,  l e t  T 

and f o r  qT < 0 ,  l e t  

x = cos (T - A - nT - uo) , 

and 7 and v be the  dependent var iab les .  Equations (16a) and (16b) are 

i d e n t i c a l  if x, q,, and vu a r e  used and t h e  equations are squared. 

s ing le  r e su l t i ng  equation i s  

U U 
The 
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~ 

x = c 1 (c2 t c3) 

Equations (4), ( 5 ) ,  and ( 9 )  are combined t o  y i e ld  

cos nu 
cos v U T  1 

= - - 1  

and 

where 

1 (2cl - I u u  x = p y  a 
U 

(20) 

Equation (18) becomes 

w i t h  t h e  a i d  of equations ( l9a) and (19b) .  If t h e  variables C1, C 2 ,  and 

C a r e  defined as 3 

2 (1 - x) 
a 
U 

and 

c3 =JG T , 

then t h e  solut ion for  x i s  

(23) 
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The value of I i s  found t o  be 
P Y U  

by solving equation (20)  .for I . Since I must be p o s i t i v e  and a 

always negative f o r  a hyperbola, t h e  only form of t h i s  equation which 
must be considered i s  

P Y U  P YU U 

which when equation (23) i s  subs t i t u t ed ,  becomes 

There a re  two values of I obtained from t h i s  equation. The veloc- 
P Y U  

i t y  increment required fo r  the t r a n s f e r  i s  

The veloc i ty  a t  any point along a hyperbola depends only on t h e  s e m i -  
major axis of t h e  hyperbola and t h e  radius of t h e  t r a n s f e r  loca t ion .  

Therefore, the  per iaps is  r a d i i  which r e s u l t  i n  t h e  smallest  change 
i n  t h e  path angle a t  t h e  t r a n s f e r  point w i l l  r e s u l t  i n  t h e  smallest  value 
of 6uT. me value of I which i s  t h e  c loses t  t o  I w i l l  r equ i r e  t h e  

smallest  change i n  the  path angle. 
P Y U  P 

It i s  possible t h a t  t h e  spacecraft  may pass through t h e  pe r i aps i s  of 
both the  inbound and outbound hyperbolas. 
both periapsides i f  

The spacecraft  w i l l  pass through 

> o  'T,I  nT < 0 and 

o r  

< 0 .  'T,O vT > 0 and 
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One of t h e  cons t r a in t s  of t h e  problem i s  v io l a t ed  if e i t h e r  of t hese  
conditions are t r u e  and i f  I < I  . I n  t h i s  case,  t h e  value of 

I used t o  ca lcu la te  I must be increased u n t i l  I i s  equal t o  
P,U p a i n  

P P YU P YU 

p ,min 

U T ,u 

. An estimate of t h e  new value of I i s  found by assuming t h a t  
P 

I 

e and rl remain constant. Therefore, 

The half-angle of t he  hyperbola i s  

o r  

’-- \1 + eU cos rl 
TYU 

(28) 

( 2 9 )  . cos v = 
a - - l  

P 

The new value of I i s  found by combining equations (28)  and ( 2 9 ) .  
P 

The r e s u l t i n g  equation is  

L I 

The s ign  o f  t he  second term i n  t h i s  equation i s  se l ec t ed  s o  t h a t  t h e  
smallest  change i n  I w i l l  r e s u l t .  The process i s  repeated with t h e  new 

P - 
= I  value of I u n t i l  I p ,u  p,min’ P 

The d i r ec t ion  of the ve loc i ty  increment i s  

T,O - ‘0,I sin ‘T.11 
(31) 

UT s i n  y 

U cos y - U s i n  y -’[ T:O T,O T , I  T , I  
BT = t a n  

The loca t ion  of t he  t r a n s f e r  which r e s u l t s  i n  the  minimum value of 
BUT i s  found by varying nT u n t i l  a minimum i s  found. 

value of rl l i e s  between the  loca t ion  determined by T and t h e  poin t  

at which t h e  hyperbola crosses t h e  sphere of influence.  

The permissible 

T min 
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RESULTS AND DISCUSSION 

The veloci ty  increment required t o  tu rn  the  spacecraf t  through 20' 
i s  presented i n  f igure  3 as a function of U The U i s  1.8, and I i s  

between 1.1 and 2.0. 
propulsive-gravity tu rn  is  less  than t h a t  required by the  dual-impulse 
propulsive-gravity t u r n  of reference 4. 
6UT = IUI - U o I ,  as explained i n  appendix B. 

0' I P 
The velocity increment required by t h e  single-impulse 

For the  dual-impulse maneuver, 

Figure 4 presents t h e  per iapsis  a l t i t u d e  f o r  the same conditions as 
f igure 3. 
when TJ i s  1 . 4  and decreases t o  t h e  minimum value of 0 .1  when U = 2.48. 

The per iaps is  a l t i t u d e  i s  0.474 when Uo = UI. The per iapsis  a l t i t u d e  of 

t he  dual-impulse maneuver is 0.474 if Uo LU,.  

decreases as Uo i s  increased above UI u n t i l  t h e  minimum a l t i t u d e  is  

reached when U = 2.08. The per iapsis  a l t i t u d e  of the  dual-impulse 

maneuver i s  a l w e y s  less than o r  equal t o  the  per iaps is  a l t i t u d e  of t he  
single-impulse maneuver. 

The per iaps is  a l t i t ude  of the  single-impulse maneuver i s  0.936 
0 0 

The per iaps is  a l t i t u d e  

0 

The e f f e c t  of specifying t h a t  I = 1.1 i s  shown i n  f igu re  5 together  
P 

with the  r e su l t s  fo r  the  single-impulse maneuver from f igure 3. The 
e f f ec t  of r e s t r i c t i n g  I is  t o  increase SU,. 

6UT = 0.12 and occurs when Uo = 1.86. 
1396 f'ps.) 

The minimum value of 
P 

(If the  planet i s  Mars , t h i s  i s  

= 1.8. 0 The la rges t  increase i n  &UT i s  0.125 and occurs when U 

Figure 6 i l l u s t r a t e s  what happens i f  the  turning angle i s  increased 
t o  60°. The single-impulse propulsive-gravity t u r n  is  more e f f i c i e n t  
than the  dual-impulse propulsive-gravity t u r n  i f  Uo < 1.33. 
discont inui ty  i n  the  slope o f t h e  6UT-Versus-Uo curve for  t he  s ingle-  

impulse maneuver when U This i s  a l so  the  point a t  which the  

6U fo r  t h e  single-impulse maneuver exceeds 6U f o r  t h e  dual-impulse 

maneuver by t h e  l a r g e s t  amount. 

t h e  same value as  Uo is  increased fu r the r .  

Over t h e  e n t i r e  range of U although t h e  maximum permissible radius  i s  2.0. 

There i s  a 

= 1.8.  
0 

T T 
The 6UT fo r  t he  two maneuvers approach 

The per iaps is  radius  i s  1.1 

0 

The loca t ion  of the  single-impulse maneuver f o r  t h e  cases presented 
i n  f igure  6 i s  presented i n  f igure 7 as a function of  U 

of t h e  maneuver i s  specif ied by t h e  t r u e  anomaly and i s  l imi ted  by the  

The loca t ion  0' 
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sphere of influence of the ? lane t .  
2.4' when Uo = 0.6 and decreases as U 

The t r u e  anomaly of the  maneuver i s  
is  increased. The t r u e  anomaly 

0 
continues t o  decrease u n t i l  Uo = 1.33. A t  t h i s  value of U t h e  maneuver 

0' 
occurs as the  spacecraft  en te rs  t he  sphere of influence.  
of the spacecraft  within the sphere of influence continues t o  change as 
U i s  increased although the impulse i s  s t i l l  applied as the  spacecraf t  

en te rs  the  sphere of influence.  The impulse can be applied as the  space- 
craM. e i t h e r  enters  or leaves the  sphere of influence i f  U 

Uo > 1.8, t he  t r a j ec to ry  of t h e  spacecraft within the  sphere of  influence 

remains the  same, and the  ve loc i ty  i s  changed as the  ,spacecraft leaves 
the  sphere of influence. 

The t r a j e c t o r y  

0 

= 1.8. If 0 

The single-impulse , propulsive-gravity t u r n  becomes a s p e c i a l  case 
of the  dual-impulse , propulsive-gravity t u r n  whenever the  impulse occurs 
a t  t he  sphere of influence.  I n  t h i s  case,  it i s  apparent t h a t  t h e  dual- 
impulse, propulsive-gravity t u r n  should require  a smaller t o t a l  veloci ty  
change than t h e  single-impulse , propulsive-gravity tu rn .  
i n  the  slope of the GUT-versus-U 

t h e  impulse changes from the  point  of en t ry  i n t o  the  sphere of  influence 
t o  the  point  of ex i t  from the  sphere of influence as U i s  increased 

above 1.8.  

The d iscont inui ty  
curve occurs because t h e  loca t ion  of 

0 

0 

CONCLUDING REMARKS 

A technique f o r  determining the  single-impulse , propulsive-gravity 
t u r n  which requires the m i n i m u m  veloci ty  change has been developed. The 
per iaps is  radius  i s  constrained t o  be within some spec i f ied  range. I n  
general ,  t he  single-impulse , propulsive-gravity t u r n  requires  a smaller 
veloci ty  change than t h e  dual-impulse, propulsive-gravity t u r n  presented 
i n  reference 4. 
degenerates i n t o  a spec ia l  case of t h e  dual-impulse maneuver. Whenever 
t h i s  occurs,  t h e  veloci ty  change required by the  dual-impulse maneuver 
i s  l e s s  than t h a t  required by the single-impulse maneuver. 

Under ce r t a in  conditions the  single-impulse maneuver 

Both the  single-impulse , propulsive-gravity t u r n  and t h e  dual-impulse 
propulsive-gravity t u r n  should be checked i f  t he  minimum veloc i ty  change . 
is  desired.  However, it should be r ea l i zed  t h a t  ne i ther  of these  turns  
necessar i ly  result i n  the  lowest possible  veloci ty  change. 
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Figure 1. - Model used to describe single-impulse propulsive-gravity turn. 
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Figure 2.- Definition of angles used to describe single-impulse powered turn. 
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APPENDIX A 

DETERMINATION OF COMMON PERIAPSIS 
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APPENDIX A 

DETERMINATION OF COMMON PERIAPSIS 

* 

The turning angle,  A,  i s  defined by the  nondimensional ve loc i ty  
vectors U and U+,. -1 
the  outbound hyperbola takes  place a t  t h e  per iaps is  of each hyperbola, 
then 

If the  t r ans fe r  between the  inbound hyperbola and 

= o  - 
rl T , I  - 'T,O 

and equation ( 1 4 )  becomes 

"I - vo A l T -  

or 

The half-angles of t h e  inbound and outbound hyperbolas yI and yo, 

a re  given by equation ( 6 ) .  
t i ons  ( 4 ) .  They are 

These angles a r e  found by cmbining equa- 

I a 
v = - , ) I 

P YC 

and 

0 
a 

0 = ( a o  - IPYC 

The half-angle of t he  hyperbola is  d.efined so t h a t  negative values 
have no s ignif icance.  Since the  semimajor axis of a hyperbola is always 
negative and the  per iaps is  radius i s  pos i t i ve ,  t he  maximum value of t h e  
half-angle i s  ~ / 2 .  

and a re  r e s t r i c t e d  t o  be between 0 and ~ / 2 .  

Both vI and vo a re  single-valued functions of I 
P YC 

Therefore, 
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by de f in i t i on ,  there  is  only one value of I 

equation (Al). 

which w i l l  s a t i s f y  
P ,C 

If equations (Al), ( A 2 ) ,  and ( A 3 )  a r e  combined, t he  r e su l t i ng  equation 
i s  

which can be solved by the  Newton-Raphson technique with no danger of 
determining an incorrect  root .  The function f i s  defined as 

and i t s  der ivat ive with respect  t o  I i s  
P,  c 

A new value of I i s  given by the  equation 
P 

The i t e r a t i o n  process i s  repeated u n t i l  t h e  value of I i s  changed 
P ¶C 

by l e s s  than some a r b i t r a r y  amount. 
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APPENDIX B 

DUAL-IMPULSE PROPULSIVE-GRAVITY TURN 
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APPENDIX B 

DUAL-IMPULSE PROPULSIVE-GRAVITY TURN 

b 
A type cJ f  propulsive-gravity t u r n  with veloci ty  changes as the  space- 

c r a f t  en te rs  and leaves the  sphere of  influence of the  p lane t  w a s  described 
i n  reference 4. 
f igure  B1. 

This mneuver i s  described by the  model shown i n  
The veloci ty  changes are given as 

= ru; + - 2uIus cos(+s - "1 L J 

and 

6U0 = p; + us' - 2u0us cos(+s + +u - IT + A)]+ ( B 2 )  
L 

The t o t a l  veloci ty  change ( & U T )  i s  

The 6U i s  a function of the eccen t r i c i ty  ( e ) ,  the  per iaps is  radius  T 
( I ) and t h e  angle +,. The condition f o r  a minimum value of 6U i s  

P 

I n  general ,  this equation is v a l i d  only i f  the  p a r t i a l  der iva t ives  

a ( 6 u T )  a(6uT) a ( 6 u T )  

a I  
- ' and are all zero. The p a r t i a l  der iva t ives  a re  

P 
ae 

' 
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and 

+-  'suo sin(Qs + +I - n + A) - 
6u0 

I n  reference 4, t he  value of $, w a s  found as a function of I and e 
by assuming t h a t  I QS - Q, I and IQs + QI - n + AI a re  very s m a l l .  The 

The correct  values of e and I were found by i t e r a t i v e  methods. 

P 

P 
The conditions fo r  which the  th ree  p a r t i a l  der iva t ives  given by 

equations ( B 5 ) ,  ( B 6 ) ,  and (B7) a r e  equal t o  zero w i l l  now be found ana- 
l y t i c a l l y .  F i r s t ,  i f  equation (B6)  i s  zero,  then equation (B5)  becomes 

A comparison o f  equations ( B 8 )  and (B6)  shows t h a t  both can be equal 
~ t o  zero only i f  
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and 

If equations ( B l ) ,  (B2), ( B 9 ) ,  and (B10) a r e  subs t i t u t ed  i n t o  
equation (B6) the  r e su l t i ng  equation i s  

u - u  us - uI -r=-++J 
This equation i s  va l id  only i f  

sen (us - uI) = sgn (us - u0) ; (€312) 

t h a t  i s ,  if the  magnitude of U l i es  between U and Uo. The eccen t r i c i ty  

of the  t r a j e c t o r y  i s  
S I 

or 

sin - 

and t h e  per iaps is  radius  i s  
e - 1  =- 

2 ‘P us2 - - 
IS 

I n  summary, 6U i s  a minimum i f  I 

and 

n - A  
2 JI, = - 

1 



0' 
and U i s  between U and U 

S I 

p , I  and and I lies between I 
P 
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The minimum value cf 6U i s  T 



c 

Figure B1.- Model used to describe dual-impulse powered turn. 
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